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Abstract 

We present a simple polarizing Mach-Zehnder interferometer that can 
be used for optimal minimal ellipsometry: Only four intensities are 
measured to determine the three Stokes parameters, and an optimal 
choice for the four polarization projections can be achieved for any 
sufficiently small wavelength range of interest. 
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The polarization properties of light — be it emitted by a laser source, 
for instance, reflected from a surface under study, or emanating from some 
sample tissue of interest — need to be determined in many applications. It 
is, therefore, a common and frequent task in an optics laboratory to establish 
the values of the three Stokes parameters that quantify the polarization in a 
standard and convenient way The usual procedure is to measure them one 
by one, which is straightforward but not very efficient. We present here a 
simple interferometric setup by which one can get all three Stokes parameters 
simultaneously and efficiently. 

All standard ellipsometers (or polarimeters) are essentially employing a 
setup of the kind depicted in Fig. ^ In this compact design, all six intensities 
are measured simultaneously, but it is, of course, also possible to carry out 
three consecutive measurements of two intensities each, for which Figs. 5, 7, 
and 8 in Ref. j2] give a recent example. One pair of detectors measures the 
intensities for vertical and horizontal linear polarization, Iy and In, and so 



Figure 1: Six-output setup for standard ellipsometry. One third of the incoming 
light intensity is analyzed by a polarizing beam splitter (PBS) at 0° to establish 
the value of Stokes parameter Q 1 . The remaining two thirds are distributed 
evenly to two more PBSs, one set at 45° for determining Stokes parameter U, the 
other behind a quarter-wave plate (QWP) at 45° for Stokes parameter V. 




2 



determines the first Stokes parameter in accordance with 

Another pair measures the intensities for linear polarization half-way be- 
tween horizontal and vertical, denoted by ±45°, yielding the second Stokes 
parameter 

U = = 'f . (2) 

i+45 + 1 -45 

And the third pair measures the intensities for right-circular and left-circular 
light to establish the third Stokes parameter, 

v-j^T- (3) 

Since the inequality 

Q 2 + U 2 + V 2 < 1 (4) 
is necessarily obeyed, the Stokes vector 



S 



(5) 



U 
\ V J 

identifies a point inside the so-called Poincare sphere, \S\ < 1. On the 
surface of the sphere, we have pure polarization states, linear polarization 
on the equator and circular polarization at the poles, and points inside the 
sphere mark states of mixed polarization, with "completely mixed" (that is: 
Q = U — V — 0) at the center of the sphere. All of this is standard textbook 
wisdom. 

There are just three Stokes parameters, so that one should be able to 
establish their values by measuring four intensities only, rather than six. The 
interferometric setup of Fig. |21 achieves this indeed. The intensities Ji, . . . , 
7 4 measured by the four photodiodes are related to the Stokes parameters by 

h \ _ I_( _ U±V2Q \ 
h 4 V3 )> 




Figure 2: Four-output single-loop interferometer for minimal ellipsometry. The 
light passes through a Mach-Zehnder interferometer that has a half-wave plate 
(HWP) at 45° in one arm and a path-length difference that corresponds to a 
relative phase <j> of e^ = {y/2 + i)/\/3. The light of one output port is analyzed 
directly by a polarizing beam splitter (PBS), while that emerging from the other 
port is first sent through a quarter- wave plate (QWP) at 45°. The values of 
the three Stokes parameters are then obtained as linear combinations of the four 
relative intensities measured by the photodiodes 1, 2, 3, and 4. The input rotator 
(IR) is a set of wave plates for a global unitary polarization transformation. 
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where I = l\ + I2 + I3 + h is the total intensity [B] . Accordingly, the Stokes 
parameters are readily available, 

Q = VQ(h-h)/I, 

u = Vs(i 3 + h-ii-h)/i, 

v = VE(i 3 -h)/i. (7) 

The relative intensities Ij/ 1 are essentially projections of the Stokes vector 
onto four particular directions, 4/j/J = 1 + Sj ■ S, that are given by 

. ( n \ 
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The angle between any two of them is the same 
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1 for j = k , 

-Ojk = < 

: > ' "> I -1/3 for j ^ k. 

This is to say that they realize the perfect tetrahedron geometry, which is 
known to be optimal for minimal ellipsometry jlj. An easy way to think of 
these vectors is that they point from the center of a cube to nonadjacent 
corners, with the cube inscribed into the Poincare sphere. These matters are 
illustrated in Fig. El 

By a suitably chosen combination of wave plates for the unitary polariza- 
tion transformation labeled by IR in Fig. El an overall rotation of the vector 




Figure 3: The tetrahedron vectors of Eqs. (JHJ) point to nonadjacent corners of a 
cube that is inscribed to the Poincare sphere. Four corners of the cube, those for 
vectors a\ and and opposite to them, are on the equator where Stokes parameter 
V vanishes. The other four corners, those for vectors 03 and 04 and opposite to 
them, are on the vertical great circle where Stokes parameter Q vanishes. On the 
axis H— >V we have the polarization states with U = V = that can be mixed 
by blending horizontal and vertical polarization only. The other equatorial axis 
—45° — * +45° marks the Q = V = states that result from mixing the linear 
polarizations that are half-way between horizontal and vertical. On the vertical 
axis L— >R we have Q = U = 0, corresponding to polarization states that one gets 
when mixing left-circular with right-circular polarization. 
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quartet (JBJ) can be performed. This enables the experimenter to work with 
the tetrahedron of her choosing. 

It should be clear that the setup of Fig. El is not unique for the purpose of 
implementing minimal ellipsometry of this optimal kind. For example, there 
is also a setup that uses polarizing beam splitters at the entry and exit ports 
of the Mach-Zehnder interferometer instead of the polarization-insensitive 
elements in Fig. 121 

Further we note that the interferometer of Fig. |21 has a single loop and 
two output ports, whereas some alternative setups have two loops [5], or a 
single loop with more output ports, among them the interferometer of the 
experiment by Clarke et al. Yet another setup has no loop at all [Zj. 

The perfect tetrahedron quartet of Eqs. (JHJ) and (JHJ) is realized by the setup 
of Fig. Elonly if all optical elements are just right, that is: the beam splitters 
split 1:1 for all polarizations, the wave plates introduce phase differences of 
exactly 7r and 7r/2 and are precisely set at 45°, the path difference corresponds 
truly to the desired interferometer phase, the polarizing beam splitters have 
ideal properties as well, and the four photodiodes have identical efficiencies. 
In practice, all these conditions can be met for a small wavelength range 
only, if at all, so that distorted tetrahedrons, one for each wavelength range, 
will typically be obtained in a real experiment. Rather than Eqs. (JOJl-Q, we 
then have 

h = j( w j + bj -S) for j = 1, . . . , 4 

(10) 

with Wj — 4 and bj = 
j=i 3=1 

for the wavelength range in question, where the WjS determine the output 
intensities for unpolarized input, and the vector quartet of the bjs form a 
distorted tetrahedron jHJ. 

Even when the WjS deviate much from their ideal unit value and the 
distortion of the tetrahedron borders on disfigurement, the proper functioning 
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as an ellipsometer is assured as long as one can solve the four equations of 
(fTUj) for the Stokes vector S. This is achieved by |U| 

- 1 4 1 4 

5 =tE w & - J I] tjCj > ( n ) 

where 

6 2 x 6 3 + 63 X 64 + 64 x 6 2 

Cl = =; =; (12) 

6 2 ■ (63 X 64) 

and cyclic permutations 1^2^3^4— > 1 give C2, C3, and C4. As 
a consequence, we just need that the denominator in (fT2"|) does not vanish, 
which is the basic geometrical requirement that the distorted tetrahedron has 
a nonzero volume. But one should try to stay close to the ideal tetrahedron 
geometry because it minimizes statistical errors j3j. 

In summary, we have presented a simple interferometric setup for minimal 
ellipsometry. It consists of a Mach-Zehnder interferometer with polarization- 
changing optical elements and polarization-sensitive intensity measurements 
at the output ports. The distribution of the incoming intensity to the four 
partial intensities at the output is uniquely related to the polarization prop- 
erties of the incident light, and the three Stokes parameters can be inferred in 
a very simple manner from the measured output intensities. There is an ideal 
tetrahedron geometry, for the corresponding vectors in the Poincare sphere, 
but the setup is fully functional even when the actual geometry deviates 
much from the ideal one. 
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